Light-Front QCD Hamiltonian Dynamics and Constituent Quark Picture in
  Exclusive Processes by Ji, Chueng-Ryong & Choi, Ho-Meoyng
ar
X
iv
:h
ep
-p
h/
01
11
15
3v
1 
 1
3 
N
ov
 2
00
1
1
Light-Front QCD Hamiltonian Dynamics and Constituent Quark Picture
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After reviewing a connection between quantum chromodynamics and contituent quark model pictures in the
light-front quantization with some comparison and contrast to the ordinary equal-time bridge a la Bogoliubov-
Valatin transformation, we discuss some newer development of the light-front quark model phenomenology in
exclusive processes including the embedded state. The skewed parton distribution appears to be a good testing
ground for our new effective treatment of the light-front nonvalence contributions in timelike exclusive processes.
One of the most puzzling features in hadron
physics is the connection between the two fun-
damentally different pictures of hadronic matter,
i.e. the quantum chromodynamics (QCD) based
on a covariant non-Abelian quantum field theory
and the constituent quark model (CQM) closely
related to experimental observations. While the
QCD has a complicate nonperturbative vacuum
structure manifested by the color confinement
and the dynamical breaking of the chiral sym-
metry, the CQM is mostly built on a rather sim-
ple vacuum. Because of the bound state problem
inherent in the hadron physics, the Hamiltonian
approach based on an equal-time formulation is
often used to remove the complications from the
relative time degrees of freedom among the con-
stituents. In this respect, both the ordinary time
t and the light-front(LF) time τ = t + z/c are
by far the most popular choices for an equal-time
formulation. However, these two choices render
quite different pictures for the bridge between
QCD and CQM.
In the equal-t approach, one needs to trans-
form a complicate QCD vacuum to a rather sim-
ple CQM vacuum. To do this, people have of-
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ten utilized the Bardeen-Cooper-Schrieffer(BCS)
type Bogoliubov-Valatin (BV) transformation [1–
3]. With this transformation, one can get a co-
herent vacuum for quasiparticle constituents and
the mass gap equation providing a relation be-
ween the current quark mass and the consituent
quark mass. The QCD Hamiltonian HQCD in
the Coulomb gauge can be split into H0 describ-
ing the ball park of the physical system and HI
being the rest of the Hamiltonian that can give
small perturbative corrections. This splitting can
be done by adding and subtracting a phenomeno-
logical Hamiltonian Hphen to the kinetic energy
part K and the interaction part HIQCD, respec-
tively, i.e.
HQCD = (K +Hphen) + (H
I
QCD −Hphen) (1)
= H0 +HI .
While Hphen is often given by the confining (e.g.
linear) potental, the residual interaction HI is
ususally taken as the canonical QCD interac-
tion Hamiltonian at the cutoff scale Λ infinite;
HI ≈ H
I
can(Λ→∞). However, in order to find a
low energy effective Hamiltonian, one needs to set
Λ finite and lower it to the scale of the effective
Hamiltonian that one wants to find. Introduc-
ing a finite Λ breaks the symmetry of the orginal
2Hamiltonian and to recover it one needs a counter
term HCT (Λ). Lowering Λ generates the part of
effective Hamiltonian Hgen(Λ) that compensates
the physics between the two Λ values before and
after lowering it. Both HCT (Λ) and Hgen(Λ) can
be found by either a similarity renormalization
procedure [2] or a flow equation method [3].
In the equal-τ (LF) approach [4], however, the
procedure of connecting between QCD and CQM
may be drastically different from the equal-t case
since the vacuum at equal τ has a dramatic dif-
ference compare to the vacuum at equal t. For
the particle which has the mass m and the four-
momentum k = (k0, k1, k2, k3), the relativistic
energy-momentum relation at equal τ is given by
k− =
k
2
⊥i +m
2
k+
, (2)
where the LF energy conjugate to τ is given by
k− = k0 − k3 and the LF momenta k+ = k0 + k3
and k⊥ = (k
1, k2) are orthogonal to k− and form
the LF three-momentum k = (k+,k⊥). The ra-
tional relation given by Eq.(2) provides a remark-
able feature to the LF vacuum, namely , the Fock
state vacuum is an eigenstate of the full Hamilto-
nian. Consequently, all bare quanta in hadronic
Fock states are associated with the hadron and
none are disconnected elements of the vacuum.
This leads to a relatively simple vacuum structure
in QCD. There is no spontaneous creation of mas-
sive fermions in the LF quantized vacuum. Thus,
one can immediately obtain a constituent-type
picture, in which all partons in a hadronic state
are connected directly to the hadron instead of
being simply disconnected excitations (or vacuum
fluctuations) in a complicated medium. Never-
theless, one needs to cutoff the zero-modes [5] cor-
responding to the degrees of freedom with k+ → 0
to obtain a salient CQM picture because the zero-
mode fluctuations are still possible in the LF vac-
uum. The cutoff of the zero-modes introduces
the mass scale of the constituent quark as well
as the counter term that can generate a non zero
amplitude of particle creation and is therefore a
possible source for the features associated with
a nontrivial vacuum structure including confine-
ment and spontaneous symmetry breaking.
Recently, the flow equation method of continu-
ous unitary transformations was used to eliminate
the minimal quark-gluon interaction in the LF
HQCD [6]. Dividing the complete Fock space into
two components, a tractable P subspace spanned
by states with a small number of quanta and the
remainder Q = 1−P , one can get a Hamiltonian
matrix to be diagonalized of the form
H =
(
PHP PHQ
QHP QHQ
)
. (3)
The flow equation method leads to block diago-
nalize this matrix yielding the effective Hamilto-
nian
Heff =
(
PHeffP 0
0 QHeffQ
)
. (4)
One can then separately diagonalize the two
blocks which are now uncoupled. The coupled
differential equations in the two lowest Fock sec-
tors correspond to the renormalization of the LF
gluon mass and the generation of an effective
quark-antiquark (as well as gluon-gluon) interac-
tion. From these, a more singular 1/q4 behavior
for the quark and gluon effective interactions at
small gluon momenta can be obtained [6]. There-
fore, one can catch a glimpse of support from the
LF QCD to the LF CQM which we call LF quark
model (LFQM) [7].
Indeed, there has been a significant progress in
describing the meson properties with the LFQM
for the spacelike region [8]. Again, the success
of this model hinges upon the simplicity of LF
vacuum. The complicated nontrivial vacuum ef-
fect from the zero-modes has been traded off by
the constituent quark masses. Moreover, the
Drell-Yan-West (q+ = q0 + q3 = 0) frame in
the LF quantization provided an effective for-
mulation for the calculation of various form fac-
tors in the spacelike momentum transfer region
q2 = −Q2 < 0 [9]. As an example, only the va-
lence diagram shown in Fig. 1(a) is needed in
q+ = 0 frame when the “good” components of
the current, j+ and j⊥ = (jx, jy), are used for
the spacelike electromagnetic form factor calcu-
lation of pseudoscalar mesons. Successful LFQM
description of various hadron form factors can be
found in the literatures [7,10].
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Figure 1. (a) The usual light-front valence dia-
gram and (b) the nonvalence(pair-creation) dia-
gram. The vertical dashed line in (b) indicates
the energy-denominator for the nonvalence con-
tributions.
However, not all is well. The timelike (q2 > 0)
form factor analysis in the LFQM has been hin-
dered by the fact that q+ = 0 frame is defined
only in the spacelike region (q2 = q+q−−q2⊥ < 0).
While the q+ 6= 0 frame can be used in prin-
ciple to compute the timelike form factors, it is
inevitable (if q+ 6= 0) to encounter the nonva-
lence diagram arising from the quark-antiquark
pair creation (so called “Z-graph”). For example,
the nonvalence diagram in the case of semilep-
tonic meson decays is shown in Fig. 1(b). The
main source of the difficulty, however, in calcu-
lating the nonvalence diagram (see Fig. 1(b)) is
the lack of information on the embedded state
represented by the black blob which should con-
trast with the white blob representing the usual
LF valence wave function.
Fortunately, we’ve recently came up with an ef-
fective way of handling the nonvalence contribu-
tion [11]. Our aim of new treatment was to make
the program suitable for the CQM phenomenol-
ogy specific to the low momentum transfer pro-
cesses. The key of our method is the link between
the non-wave-function vertex (black blob) and the
ordinary LF wave function (white blob) as shown
in Fig. 2, i.e.,
(M2 −M ′20 )Ψ
′(xi,k⊥i)
=
∫
[dy][d2l⊥]K(xi,k⊥i; yj, l⊥j)Ψ(yj, l⊥j), (5)
where M is the mass of outgoing meson and
M ′20 = (m
2
1 + k
2
⊥1)/x1 − (m
2
2 + k
2
⊥2)/(−x2) with
x1 = 1 − x2 > 1 due to the kinematics of the
non-wave-function vertex.
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Figure 2. Non-wave-function vertex(black blob)
linked to an ordinary LF wave function(white
blob).
To discuss further details of our method [11],
we formulate the pion form factor in terms of
the off-forward parton distribution functions, the
so called “skewed parton distributions (SPDs)”
that are the generalization of the ordinary (for-
ward) distribution functions [12]. A well-known
and practical example of SPDs as a nonperturba-
tive information entering the LF dominated hard
scattering processes is the deeply virtual Comp-
ton scattering (DVCS) γ∗p→ γp for large initial
photon virtuality Q2 and small t region, which
can be factorized into a hard photon-parton and
a skewed parton distribution [13–15]. Since the
usual local photon vertex in the pion form factor
analysis is replaced by a nonlocal operator of the
SPDs, one can explore new physics.
In the LF coordinates, the SPDs are in gen-
eral functions of the longitudinal momentum frac-
tion variable x, the skewedness parameter ξ =
(P−P ′)+/P+ measuring asymmetry between ini-
tial (P ) and final (P ′) hadron state momenta, and
the squared momentum transfer t. Analogous to
the pion electromagnetic (EM) form factor calcu-
lation
J+(0) ≡ 〈P ′|ψ¯(0)γ+ψ(0)|P 〉 = Fpi(t)(P+P
′)+,(6)
we define the SPD Fpi(ξ, x, t) of a pion by
J + ≡
∫
dz−
4pi
eixP
+z−/2〈P ′|ψ¯(0)γ+ψ(z)|P 〉,
= Fpi(ξ, x, t)(P + P
′)+, (7)
where z = (z+, z−, z⊥) in a LF representation
and z+ = z⊥ = 0. The SPDs display character-
istics of the ordinary(forward) quark distribution
in the limit of ξ → 0 and t → 0, on the other
hand, the first moment of the SPDs is related to
4(d)
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Figure 3. Effective treatment of the LF nonva-
lence amplitude.
the form factor by the following sum rules [14,15]:
∫ 1
0
dx Fpi(ξ, x, t) = Fpi(t), (8)
where Fpi(ξ, x, t) = euF
u
pi (ξ, x, t) − edF
d¯
pi(ξ, x, t)
and we assume isospin symmetry(mu = md¯) so
that Fupi (ξ, x, t) = F
d¯
pi(ξ, x, t). Note that Eq. (8) is
independent of ξ, which provides important con-
straints on any model calculation of the SPDs.
Considering the quark-meson and quark-gauge
boson vertices together, we also find that the
four-body energy denominator (D4) appearing in
Fig. 3 is absent due to the sum of two possible
diagrams in the LF time-ordering (see Figs. 3(b)
and (c)). Summing over the two time-ordered di-
agrams Figs. 3(b) and (c), one can easily find the
following identity, 1/D4D
g
2+1/D4D
h
2 = 1/D
g
2D
h
2 ,
which removes the complicate four-body energy
denominator term. We thus obtain the amplitude
corresponding to the nonvalence contribution in
terms of ordinary LF wave functions of hadron
and gauge boson as shown in Fig. 3(d). This
method, however, requires the relevant operator
K(x,k⊥; y, l⊥) which is in general dependent on
the involved momenta connecting the one-body
to three-body sector as depicted in Fig. 2. The
details of the valence and nonvalence contribu-
tions to the SPDs of the pion in LFQM can be
found in Ref. [12]. While the relevant operator K
is in general dependent on all internal momenta
(x,k⊥; y, l⊥), the integral of K over y and l⊥ in
the nonvalence contribution, which we define as
Gpi ≡
∫
[dy][d2l⊥]K(x,k⊥; y, l⊥)χ(2→2)(y, l⊥), de-
pends only on x and k⊥. Approximating Gpi as
a constant has been tested in our previous exclu-
sive semileptonic decay processes [11] and proved
to be a good approxiamtion at least for small mo-
mentum transfer region. The validity of this ap-
proximation can be checked by fixing the constant
Gpi by the sum rule expressed in terms of F
val
pi and
Fnvpi as
Fpi(t) =
∫ 1
ξ
dx Fvalpi (ξ, x, t)+
∫ ξ
0
dx Fnvpi (ξ, x, t),(9)
for given −t. We note that Eq. (9) is used as
a constraint on the frame-independence of our
model.
In Fig. 4, we show the ξ-dependence of Gpi for
different −t-values, i.e. −t = 0 (diamond), 0.2
(black circle), 0.5 (white circle), and 1.0 (black
square) [GeV2], respectively. As one can see in
Fig. 4, Gpi shows approximately constant behav-
ior for ξ > 0.1 at given small −t. It is not surpris-
ing to see that Gpi becomes very large as ξ → 0,
because Fnvpi has the form of F
nv
pi = Gpi×
∫ ξ
0 ... and
the integral vanishes while a small but nonzero
contribution persists in Fnvpi . However, this does
not cause a significant error in our Gpi constant
approximation because the nonvalence contribu-
tion in the very small ξ region is highly sup-
pressed. Therefore, the results are consistent with
an almost constant value for Gpi at least for small
−t. In principle, we can obtain the SPDs in a
frame-independent way by using the true values
of Gpi as shown in Fig. 4 for given (ξ, t).
In this talk, we reviewed the connection be-
tween QCD and CQM pictures in the LF quanti-
zation with a comparison and contrast to the or-
dinary equal-t approach. We then discussed the
newer development of LFQM phenomenology in
exclusive processes. The SPD appears to be a
good testing ground of our new effective treat-
ment in timelike exclusive processes. We investi-
gated the SPDs of the pion for small momentum
transfer (−t ≤ 1 GeV2) region in the LF quark
model. Since the LF nonvalence contributions to
the SPDs of the pion are large especially at small
momentum transfer region as shown in Ref. [12],
it is very crucial to take them into account to
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Figure 4. The ξ-dependence of Gpi for differ-
ent momentum transfers −t = 0 (diamond),
0.2 (black circle), 0.5(white circle), and 1 (black
square) [GeV2], respectively.
guarantee the frame-independence of the model.
Applying our effective treatment [11], we express
Fnvpi in terms of ordinary LF wave functions of a
gauge boson and a hadron and calculate this non-
valence contribution numerically. The reliability
of our constant approximation was checked by ex-
amining the frame-independence of our numeri-
cal results using the sum rule given by Eq. (9),
i.e. the exact results of Fpi(ξ, x, t) and Fpi(t) ob-
tained from the true values of Gpi given by Fig. 4
were compared with those obtained from our sin-
gle averge value of Gpi = 0.32 for all (ξ, t). The
numerical results of our constant Gpi prescription
have shown definite improvement (better than 90
% accuracy for ξ ∼< 0.9) to restore the frame-
independence of our model (see Ref. [12] for de-
tails) and seemed to be a quite reliable approx-
imation. However, we note that there is an ob-
vious t-dependence for Gpi , which leaves a room
for more improvement of our model. Consider-
ation of the kernel K in the gauge boson sector
and the more realistic gauge boson wavefunction
is underway.
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